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Abstract 

CNj . In a recent paper Klebanov and Witten proposed Q to fomulate the AdS/CFT correspondence 

principle by taking an "irregular boundary condition" for a scalar field. In this paper we generalize 
this idea to the case of spinor field with interaction. The action functional following from the 
on : choice of irregular boundary conditions and which must be used in the AdS/CFT correspondence 

is related to the usual action by a Legendre transform. For the new theory we found the modified 
Green's function that must be used for internal lines in calculating higher order graphs. It is 
proved that the considerations are valid to all orders in perturbation theory. 
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1 Introduction 



The resent fascinating conjecture by Maldacena JT) about the correspondence between supergravity 



on d+1 Anti-de Sitter (AdS) space and Conformal Field Theory (CFT) living on its asymptotic 
d-dimcnsional boundary becomes a powerful tool in studying the String Theory. The underlying 
principle behind this AdS/CFT correspondence was elaborated in explicit form by Gubser, Klebanov 
and Polyakov || and Witten j|. According to || and the action for the supergravity theory on 
AdS considered as a functional of the asymptotic values of the fields on the boundary is interpreted 
as a generating functional for the correlation functions in the conformal field theory living on the 
boundary. The explicit form of this interpretation is: 

J V<5>exp{-S[>S>]} = {exp J d d xO$ ) (1) 

$ dAdS 

where $q is the boundary data for AdS theory which couples to a certain conformal operator O on 
the boundary. This interpretation has already a number of proofs for various cases of fields form the 
fields content of supergravity theory on AdS space || |, g, |l0|, § |, g [u| [u|, |l| g 00 . In all of 
the above particular examples the field solutions can be splitted into two parts (see for example p3[) 
with different behavior near the boundary: 

w x + $ + + w x $ (2) 

where $ + are the fluctuating modes in the bulk and $~ serves as a source for the correlation 
functions in the CFT living on the boundary (A + > A_). Since the field equations possess two solutions 
with different behavior, one must choose one of them and if the boundary conditions are imposed on 
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the fields <fr~ that are coupled on the boundary to a conformal operator with larger dimension A such 
a boundary conditions we will reffer as regular boundary conditions. Recently Klebanov and Witten 
J| observed that using this scheme of calculations the unitary bound (| — 1 < A) in the case of scalar 
field cannot be achieved and they proposed an effective method to include operators to do just that. 
The proposed method, generalized later in jBJ to the interacting case, using the choice of boundary 
conditions for the field solutions which would be coupled to operators on the boundary with smaller 
dimension. In j|, || was shown that the respective boundary fields are cannonicaly conjugated to 
each other and theyr actions are connected by a Legendre transform. The fact that the corresponding 
boundary fields are conjugated was also suggested in [p5| by using the technique of intertwinning 
operators. The action depending on the irregular boundary values serves as a generating functional of 
the correlation functions. In |^, ^) it was found also the modified Green's function for this new theory 
that must be used in the calculations of the correlation functions. The explicit form of the two point 
correlation function in the case of scalar field was found in j^, [j| . 

The aim of this article is to generalize the method of taking irregular boundary conditions proposed 
for a scalar field in j|, |) to the case of spinor field. As a byproduct of our considerations is derivation 
of the modified Green's function for the spinor field that must be used to calculate second and higher 
order graphs. 

The structure of the article is as follows. In the rest of this Section we will review the boundary term 
for a spinor fields along the lines of |nj and will comment briefly the possible boundary conditions. 
The second Section is devoted to the results from AdS/CFT correspondence principle connected to 
regular boundary conditions. In Section 3 we wll consider a theory corresponding to irregular boundary 
conditions and the two point correlation function will be computed. The correctness of j|, |5) proposal 
to all orders in perturbation theory will be discussed. 

Our starting point is the action for interacting spinor field given by: 

S D = ( d d+1 x^{x){p-m)^{x)+S mt (3) 



AdS 

where ^/g i determinat of the AdS metric. We choose to work in coordinates x a = (x°,x l ) = (x°, x); i = 
1 , . . . d defining d + 1-dimensional Euclidean Anti-de Sitter space as Lobachevski upper half plane 
x° > with a metric of the form: 

ds 2 = \ (dx° + dx 2 ) (4) 
x 

With this choice the vielbein and the corresponding non-zero components of the spin connection are 
given by the expressions: 

e£ = §; ^ = --f = |; a = 0,...d (5) 

The boundary of the AdS space consists in a hypersurface x° — and a single point x° = oo. 
The gamma matrices T M are connected to the flat ones by r M — e%j a where 7° satisfy the usual 
commutation relations {7 a ,7 b } = 25 ab . 

In this frame the covariant derivative and the Dirac operator reads off: 

D v = d v + 2^o7o*; r"£>„ - p = x j Q d + x^.V - (6) 

where 7 = (7*); V = (<%); i = 1 . . . d. 

The equations of motion following from the action (|^) are given by: 

(P-m)^( x ) = -^- = -F(x) (7) 
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j( x )(-P- m ) = -^L = -F(x) (8) 

and the equation for the bulk-bulk Green's function for the above equation is: 

(p-m) S(x; y) = S(x; y) (- p - m) = ^-5 d+1 (x - y) (9) 

with regulariry and boundary conditions: 

lim S(x;y) — lim S(x\y) = 

lim S(x; y) = lim S(x; y) = 

The explicit solution of (JsJ) will be presented later. The solutions of equations split into free field 
solutions and interacting parts: 

4>(x) = ^ h \x) - J d d+1 yS(x;y)F(y) (10) 

AdS 

$(x) = ^ h \x) ~ J d d+l yF(y)S(y-x) (11) 

AdS 



^ h){x) = I ^yl^(x;k)^ (h \k) = J j-^lC- A (x-,k)ri {h) (k) (12) 
d d k T—(h \ / r*\ , * f d d k 



with: 



4> (h \x) = J j^^ {h) {k)K A {x- ) k)= j —-^(k)iC. A (x;k) (13) 

where K, A stands for bulk-boundary propagator defined in the next Section. In our case the boundary 
spinors tpQ couple on the boundary to operators of dimension ± m and we call them as regular 

and irregular boundary values respectively. We will treat ^ analogously. The case of spinor field 
possessing regular boundary conditions are well studied in the context of AdS/CFT correspondence 
see for instance [nQ, 0) and we will review their properties in the next Section. 



2 Regular Boundary Conditions 



In this Section we will consider the case when the regular boundary conditions are imposed. The free 
field solutions ip^ h >{x) and *tp( h '{x) can be written explicitly as |l^, jig ]: 



^ h \x) = 



and 



-^)C A (kx )^ h) (k) = 2xp 1 



d d k 



IC-A{kx )^ = 2x Q 



K m+ i(kx ) - i-K m i(kx ) 



Ki_ m (kx Q ) - i-K m+ i(kx ) 



m+i 



(27T) 



d d k 
W) 



% {h \k)lC A (kxo) = 2x 2 % {h) (k) 
d ^ {h \k)K^ A {kx Q ) = 2x^^ {h) {k) 



(14) 

m 



m+4 



K m+ i(kx ) + i-K m _i(kx ) 



Ki_ m (kx Q ) - i-K m+ i(kx ) 



(15) 
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where K a are the modified Bessel functions. In the above to obtain the second equalities we used the 
on-shell connection between ip^ 1 ^ and V>g respectively^: 



j r(|-m) (k\ 2m ,-{h)ft\ 
T,+( h )ru\ ■i-(.h)(Z\k T (\- m ) 2 "' 



(16) 
(17) 



The bulk-boundary propagator can be easily obtained in the position space by inverse Fourier trans- 
form. The behavior of the free field solutiona in the limit x$ — > can be obtained by using the small 
argument expansion of K a : 



i(h)t \ xo r r; |-i * -(h),-* . |+i ,+(h),-^ 
^ >{x) ps x§ % y >(x)+x* Vo W 

7/> w (a;) ps xg Vo W+^o Vo W 



(18) 
(19) 



Let us discuss the bulk-bulk Green's function considered in detais for instance in pOfl . One can 
relate the spinor propagator to the scalar Green's function by the ansatz: 

S(x;y) = (p + m) Ga+i +m (x; y). 

Then the equation (|9|) for G becomes exactly as for the scalar Green's function. The explicit solution 
is found to be: 



G(x,y) = -(x yo) * 



d d k 
(27r) rf< 



p -ik-(S-y) 



k k 

[Ki +m (kx ) - i-Ki_ m (kx )]Il-[I m _i(kyo) - i-li +ni (ky )]0{x - y ) 

k k 
[I m+ i(kx ) + i-I m _i(kx )}U^[Ki^ m (ky ) + i-Ki +m (kyo)}e{y - x ) 



k m -* 



k 2 



(x II- - U+y )G' d -i (x; y) + (x Q n + - JI-y )G' i+1 (x; y) 



(20) 



(21) 



where Ga is the standard scalar bulk-bulk propagator, prime denote derivative with respect to the 
chordal distance ■ 



(x-yY 



and n± = i(7±7o). Fr om the second line of eq. (G(J) it is straightforward 



2xoya 1 2 

to obtain the behavior of S{x; y) near the boundary giving: 



S{x;y) OT ps° -y 2+m /C A (x;?/); S(x;y) X °« ° -x 2+m /C A (£'; y) 



(22) 



where JC\ and K-a arc defined in (|l4|l5| ). 

Let us consider the behavior of the full interacting spinor field in the limit xq — ► 0. In this limit 
one can write: 



ip(x) ° x§ m ip (x) + x$ +m ^(x) 
tjj(x) X °^° x§' m ^(x) + x§ +m ip£(x) 



(23) 



3 The detailed derivation can be found in ]ip[ ^, 
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Substitution of the asymptotics (|l^,[lj^2|) into ( [To| , [Tl] ) show that the interacting part contributes to 
ip + and V> + only: 

^{x)=^ h \g) (24) 
iP+{x) = ri ih \x) + [ d d+1 yjC A (x; y)F{y) 

J AdS 

$o@)=$o W (0) (25) 
$+(x) = rt ih \x) + f d d+1 yF(y)IC A (x; y) 

J AdS 

Let us discuss the boundary term following for instance from the considerations in JljJ . It is based on 
the requirement to have well defined variational principle for the action under consideration. Since 
the Dirac equations (0,||) are first order differential equations we cannot fix simultaneously all the 
components on the boundary but only half of them, ip + or ip~ . The regular boundary conditions 
imply that we have fixed ip~ > as a boundary data. In this case ip~ XV" - ) wm serve as a source for 
the correlation functions in the boudary theory but ip + (ifj + ) will be free to vary. The variation of the 
Dirac action in the class of field configurations (|l8|,[l9|) will produce a surface term contribution: 

SSn = Tqo + [0]o7i-shell 

where 

^ = -~ J d d * [VT (x) <fy> + (x) + 5i> + (x) V" (x)] = -SS^ (26) 

Therefore the full on-shell action with well defined variational principle will include a boundary term 
and can be written as: 

S[i>-,ip-} = S D + S 00 + S int (27) 
_ r(| -m) f d d k _ T __^k (k 



^°~ ( % (2) ^ { ~ %) + I dd+lxdd+1 yF( x )s{^v)F{y) + Sr. 



r(± + m) J ( 27r ) 

AdS 

Note that the first term in the position space takes the form: 

cl ~ niva+m) J V% {X >\x-y\^ + ^o W (28) 

2 dAdS 

which gives the correct two point correlation function in CFT of conformal operator with dimension 
A = ^±1 +m© ||§. The other two terms in @ can be expressed as perturbative series in terms 

of ipQ and V^o- Since these fields are connected to the boundary data ipQ^ and i>Q^ (see eq.(|4 25)) 



this would be a perturbative expansion in terms of t/> ^ and ipo ^ ■ Note that in calculating spinor 
exchange one must use for internal lines the Green's function given by eq.(po|). 



3 Theory from irregular boundary conditions. 

In this Section we will follow the Klebanov and Witten's idea of taking irregular boundary conditions. 
In considerations of the variational principle for spinor field and from the asymptotic behavior of the 
field solutions ( ^8| , ^9| ) it follows that we can choose to fix instead V' - (V' - ) an d the other 

components to be free to vary. In the case of scalar field 0, H it was shown that the resulting two 
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theories (with regular and irregular boundary conditions) are connected by a Legendre transform. To 
show that it is true also in the case of spinor field let us consider the expression: 



d d+1 xF{x) 



(*)"V(-S> + / ^Wf^™,) (30) 



d d+i x ^±^ F[y) 
8^{k) 



AdS 



Using ( p^ , p7| ) one can see that the first terns in ( |29| , |30| ) are tpo and ipQ respectively. We will subsitute 



j^r and j^r in the last terms in @|5]) by expressions found from 



5-0 



IC A (x,-k)- [ d^yS(x;y) SF } y) 



5%{k) ' J ' <ty ^ "(fc) 



(31) 



AdS 



3k = x) - / y) (32) 



5%{k) J H s$-( k ) 

AdS 



The result is: 



(33) 



5S f~]f~ ] = ^ (h \-k) + I d^ x F(x)lC A (-k,x) = ^(-k) 

s% (*) A { s 

SS lt~:V = ri (h \-k) + I d d ^x!C A (x, -k)F(x) = ri(-k) (34) 

and this relations are valid to any order in perturbation theory. Therefore, ipQ and can be 
considered as conjugated and the same is true for the pair )■ 
Obviously the functional defined by a Legendre transform: 

J[i/>-,i/t + ]ij>-,ij> + ] = S[il>-,ij>-]- [ d d x[$ + ip- + $-ip + ] (35) 



possess a minimum with respect to variation of ip~ and ip~ . At the extremal point, the functional 
(p5[ ) is expressed in terms of ip + and only. As it is clear from the preceeding discussion, ip + and 

are related to the choice of irregular boundary conditions and Klebanov and Witten proposed 
to consider AdS/CFT correspondence principle based on the use of J[tp + , V> + ] instead of S[ip~ , 

Let us compute the minimum of J and to see what kind of theory is induced on the boundary. 
Subsitution of S[ij}~ from (p7|) in (p5|) gives: 



J[ip + ,ip + ] = -~ j d d k ^r{-k)^ + {k)+{[j + {k)i;-{-k) (36) 



d d+1 xd d+1 yF(x)S(x;y)F(y) + S v , 



AdS 
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Using the eqs. (EBh and (O) and the relation: 



i>t (h \-k) = ^(-k) - / d d+1 ylC A (y, k)F{y) 

J AdS 

^ {h \-k) = i>+{-k) - [ d d+1 yF(x)lC A (x, k) 

J AdS 



(37) 
(38) 



one can subsitute i/j and i/j into the first term in eq. (p6|). The resulting functional takes the form: 



r(i+m) f d d k 



Va-m)J (2tt) 



Td^ + ( k ) 



k (k 



k \ 2 



d d k 



ip + {-k)+ / d d+1 xd d+1 yF(x)S(x;y)F(y) 



AdS 



(39) 



I AdS 

-s+[^ + ^ + \ + s mt 



d d+1 xF(x) 



AdS 



+ I J d+1 xd d+1 yF{x) I — d e- k < 3 -VK,{x,k)T\-K,-A{y,k)F{y) + S v , 



(40) 



d d k 



S(x;y)+ I d d+1 yj^e- tk < s -^JC A (x,k)n^ A (y,k) 



F(y) 



where IC- A means that in K. A to is replaced by —to (see eq.(|l5|)). 

The first term in ( fief ) can be easily Fourier transformed to the position space: 



F(±tl - m) 
iri r(| — to) 



d d xd d yt}) + {x)- 



d+l-2m 



F - y 



(41) 



which coincide with the two point correlation function of an operator in the boundary CFT with 
dimension A_ = — to. Therefore, Klebanov and Witten's idea to define AdS/CFT correspondence 
by taking irregular boundary conditions will be formulated in our case by the formula: 

e -JW+,i,+] = ( exp J ^+ + $+o]) (42) 

Note that in contrast to the scalar case, due to the specific asymptotics in the spinor case there is no 
additional multiplier infront of the exponent on the right hand side of ([l2]). Using such a formulation 
one can see that the Green's function that must be used for the internal lines in calculating the higher 
order graphs get modified and is defined by the expression in the square brackets multplying F(x) 
and F(y) on the right hand side of (40): 



S(x;y) = S(x;y) + 



d d k 
(2ir) d 



-ik-(x-y) 



JCa(x, /c)n_/C-A(y, k) 



(43) 



Let us analyse the modified Green's function S(x;y). For this purpose we will use for I a part of 
S(x; y) (pp[) the following relations: 



I m +i(z) = l- m -d z ) 



I m i{z)=I h _ m {z) + — 1 ; ; (44) 



r(i-m)r(| + TO)' m- 3 w r (i_ TO ) r (i +m ) 

and the property of the Macdonald function K a (z) = —K- a (z). Insearting (E3) into (|20|) we find the 
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expression for the Green's fuction: 



G(x,y) = - 



{xoVo)~ 



d d k 

d d k 
{2ir) d 



,-ik-(x-ff) 



K. A (x, fc)n_/c_A(fc, y) 



(45) 



,-ik-(x-y) 



k 

[Ki_ m (kx ) - i-Ki +m (kx )]Il-[I_ m _i(ky ) - iyji_ m (ky )} 
k _ „„ k 



k 



x 6{x -y ) - [I_ m+ i(kx )+i-I_ m _i(kx )]n_[Ki +m {kyo)+i-Ki_ m (kyo)}9{y - x ) 



d d k 
(27r) d< 



-ik-(x-y) 



K, A (x, k)W.-K- A {k, y) + S(x; y). 



where: 



S{x;y) = - {x yoY 



d d k 
(2^' 



-ik-(x-y) 



(46) 



k k 
[Ki_ m (kx ) - i-Ki +m (kx )]U^[I_ m _i(ky ) - i-Ii_ m (kyo)]6(x Q -y ) 

k k 
[I- m + 1 {kx ) + i-I_ m _i(kxo)]1I-[Kx +m (ky ) + i-Ki_ m (ky Q )]9(y - x ) 



Therefore, as in the bosonic case, the modified Green's function S(x; y) is obtained by replacing m 
with — m. The new action that must be used in the AdS/CFT correspondence is: 



J ty+ j + ] = S+ [V> + > + ] + / d d+1 xd d+1 yF(x)S(x; y)F(y) + S mt 



AilS 



(47) 



where defines the two point correlation function (f4l|). The representation of ip(x) and tp(x) m 
terms of tp + and ^p + : 



1>(x)= / d d yK- A (x,y)^(y)- / d d+l y~S{x-y)F{y) 

J JAdS 

j>(x)= [ d d yiC„ A (x,y)yj+(y)~ f d d+1 yF(y)S(x;y) 

J J AdS 



and the asymptotics: 



S(x;y) Va K -y 2 m JC- A (x;y), S(x; y) * w ° -x 2 m K— A (x;y) 



(48) 
(49) 

(50) 



show that the interaction contributes to ip~ and only. In the calculation of the spinor exchange 
for internal lines one must use <S*. Repeating all the considerations, but now with J[ip + ^ip + ] instead 
of S[ijj~ , ip~] one can find that: 



SJ 



SJ 



5ip+ r ' 6ip+ 
Let us summarize our considerations in the next Section 



(51) 



Conclusions 

In this acticle we generalized the Klebanov and Witten idea Q (generalized to the interacting case in 
§) to the spinor case. In Q it was prposed to consider AdS/CFT correspondence for bosonic case 
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based on a Legendre transformed action. As in the bosonic case, there are two possible choices of 
boundary conditions for the spinor part of the action of AdS supergarvity - regular and irregular. The 
first of them couples to the spinors operators with dimension (^^- + m) while the second 

one couples to the spinors (4> + , ^ + ) operators with dimension (^^- —m). The generating functional of 
correlation functions are related by a Legendre transform and this is true to all orders in perturbation 
theory. 

The Green's function ( p0| ) that must be used for internal lines in calculating higher order graphs 
is replaced by a modified Green's function S[x;y) which explicit form is given by eq. (p0[) . 

It would be interesting to compare the results for spinor exchange and the "transfer functions" in 
both theories 20, 23). Work in these topics is in progress. We hope to present analogous considerations 
for the case of vector and Rarita-Schwinger fields in the near future pTfl . 
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